Abstract. This paper formulates and studies two different problems occurring in the formation and use of pharmaceuticals via controlled release methods. These problems involve a glassy polymer and a penetrant, and the central problem is to predict and control the diffusive behavior of the penetrant through the polymer. The mathematical theory yields free boundary problems which are studied in various asymptotic regimes.
Since the work of Alfrey, Gurnee, and Lloyd 1], it has been generally recognized that in polymer-penetrant systems the motion of the penetrant front can proceed according to laws considerably different from the classical simple 1/2 of Fickian diffusion, and many of these polymer-penetrant systems are of major importance in controlled release technology in the pharmaceutical industry. Furthermore, there is no simple alternative to the classical situation [2] [3] [4] [5] . Although some global principles are starting to emerge, the fact is that there is no universal theory, and different models (theories, equations of motion) are needed for systems of one type which may differ considerably from those of other types of systems depending on type of polymer, type of diffusing substance, and ambient conditions.
In this paper, we consider two different problems involving polymer-penetrant systems of the type where the driving force is due to local kinetics at the moving interface. A large number of systems of this type together with experimental observations is listed in Astarita and Joshi [6] . The problems occur in the formation and storage of simple swelling controlled drug release systems without volume change [5] , [7] . Our main result is that there is a transition from initial behavior (so-called Case II diffusion) to long time 1/2 behavior (Fickian diffusion). For pharmaceutical applications it is desirable to maintain Case II behavior (also called zero-order release) as long as possible. Our asymptotic analysis shows the dependence on the various parameters of the problem. Our purpose is to find an optimal strategy for long time behavior.
In a companion paper, we then investigate a model for the swelling-controlled release of a drug and show how our previous study of polymer-penetrant interactions can be applied to obtain the history of release.
2. Constant reservoir of swelling solvent. A polymer film is exposed to a constant reservoir of a smaller molecule capable of diffusing in the film. As a result, a sharp interface appears in the polymer which separates a swollen rubbery region where the solvent concentration is high from a glassy region where the solvent concentration is almost zero. This swollen-glassy interface moves through the polymer with a velocity which is constant near time T =0, varies as T-P(0<p < 1/2) at intermediate times and may or may not decay exponentially to zero as T oo. Our main purpose is to describe mathematically this gradual change of the glass-gel transition front. To this end, we consider a class of diffusion problems for which the kinetics of the phase transition is taken into account. The models are based on the work by Astarita and Sarti [8] who have successfully analyzed a large number of polymer-penetrant systems. In this paper, we complete and extend their analysis by describing the complete history of the penetrant front.
We assume that either the diffusivity or the solubility (or both) of the solvent in the glassy phase of the polymer is zero and we take the diffusivity D of the swollen polymer to be constant. The problem is then formulated as a one-phase free boundary problem for the concentration C(X, T) of the penetrant and the position S(T) of the interface: (2.1) CT DCxx, 0 < X < S(T), (2.2) C=C0>C* atX=0, (2. 3) 
L(t)=t--(l+e) +0().
We conclude that for small times the interface moves like t. We also note that the corresponding concentration u at the front x L decreases linearly with t. u(x,t,e)= (l+2t),/2+l+O(e), (2.58) L(t, e)=-I +(1 +2t)'/Z+o(e).
Figures 3 and 4 represent L(t) and u(x, t), respectively. We now consider the effect of changing n. Fig. 3(a) ). As t-->oo, L(t) approaches the straight line L(x/)=x/x/-1 (broken line in Fig. 3(b) ). 3. Sorption of a finite amount of swelling solvent. In this section, we study the time history of the solvent front when the polymer is exposed initially to a finite amount of penetrant. A constant concentration C Co is no longer maintained at X--0 and the solvent-polymer system may approach an equilibrium at C C*. Because of this equilibrium, the time history of the interface is expected to be more complex. Instead of (2.1)-(2.5), the diffusion problem is now formulated by the following equations: (3.1) CT DCxx, O < X < S T), (3.2) Cx =0 at X-0, (3.3) (C + K)S'= -DCx at X $(T), (3.4) S'= k(C C*)" at X S(T), (3.5) S(0) S, 0, (3.6) C(X,O)=C. The evolution equations are the same as in 2. Equation (3.1) with (3.2) is Fick's diffusion equation subject to a zero flux boundary condition. Equation (3.3) is a mass balance equation at the front and was previously derived in 2. Equation (3.4) describes the interface kinetics. Problem (3.1)-(3.6) mainly deviates from our previous study by the boundary condition (3.2) (instead of C Co at X =0) and the initial conditions (3.5) and (3.6) (instead of S(0)= 0). In (3.6) we have assumed for simplicity that the initial concentration is constant. Note that the new problem depends on two control parameters: C and S. System (3.1)-(3.6) arises in modeling the formation and storage of a simple swelling controlled drug release system without volume change [7] . We have a slab of polymer with impermeable faces into which, at time zero, a finite and fixed amount of penetrant is injected to a depth S. For (3.9) CdX+KS=Q where the constant Q measures the quantity of the penetrant per unit length initially injected. Evaluating (3.9) at T 0, we find (3.10)
58). As O, L(t) approaches the straight line L(t)-t (broken line in
Note, from (3.1)-(3.6) and then from (3.9) , the existence of the equilibrium solution Q (3.11) C(X, T) C*,
Thus, the finite amount of penetrant is used up, and the front comes to rest at the distance So given by (3.11) . We are interested in studying the time history of how S(T) reaches So. To do this it will be convenient to introduce the following dimension- and Li Si/fl has been evaluated using (3.10) and the definition of e. In these variables the equilibrium solution (3.11) becomes (3.20)
The solution of (3.13)-(3.18) depends on the values of two key parameters, e and 6.
e is defined as in 2 and is proportional to the deviation C-C*. It can thus be controlled by changing the initial concentration Ci. 6 is a new control parameter and is inversely proportional to Q, the initial quantity of penetrant. Since Q is proportional to S, 3 can be changed by changing S without modifying e. Of particular physical interest is the limit S-*0. (3.26) u(y, O) 1, 0 < y < 1.
To investigate the limit 6--> oo, we seek a solution of these equations in the form (3.27) u(y, t, )= uo(y, t)+ 6-u(y, t)+.
(3.28) L(t, 6)= Lo(t)+ 6-L,(t To complete our analysis we have studied the limits e-> oo and e--> 0 but 6 fixed.
These two limits are briefly described in Appendix A and B, respectively. It is interesting to note that the limit e-> 0% 6 fixed leads to the equations analyzed by Cohen and Goodhart [5] . This is not surprising since the limit e->, 6 fixed means Ci Si-0(C7,n)-->O and the problem analyzed by Cohen 
We now analyze the limit e--> 0 of these equations by introducing the following expansions of u(x, t, e) and L(t, e): (A2) u(x, t, e)= u(g, ?, e)= Uo(X, ?)+ eu,(g, t-)+''', 
Uo=0 atg=0,
L=uo atg=l,
L 6Uo at g 1, [5] .
